A simple strong solution to non-linear HJB PDEs: an application to the portfolio model Abstract. We develop a simple and general method for solving nonlinear Hamilton-Jacobi-Bellman partial differential equations HJB PDEs. We apply our method to the portfolio model.
Introduction
This paper overcomes major obstacles in the area of stochastics and mathematical finance. We provide simple strong solutions to the (non-linear)
Hamilton-Jacobi-Bellman partial differential equation HJB PDE (and possibly other PDEs). In so doing, we transform the HJB PDE into an ordinary differential equation ODE. It is well-known that stochastic-system based HJBs are generally non-smooth and that the existing methods rely on the methods of viscosity and minimax weak solutions (see, for example, Crandall and Lions (1983), among others).
We apply our method to the portfolio model (the stochastic factor model).
It is well known that a criticism of the portfolio model is that the optimal portfolio does not depend on wealth for an exponential utility function (the most common utility in finance). Consequently, in this paper, we resolve this issue. That is, we show that the optimal portfolio depends on wealth, regardless of the functional form of the utility.
The method
We consider this function V (x, y) ; it can be expressed as V (βx, y) , where β is a shift parameter with an initial value equal to one (see Alghalith (2008) ).
Define g ≡ βx; differentiating V (g, y) with respect to β and x, respectively, yields
The second order derivatives of V (g, y) with respect to β and x, respectively, are
Similarly, we can rewrite V (x, y) as V (x, βy) . Define f ≡ βy; differentiating V (x, f ) with respect to β and y, respectively, yields
The second order derivatives of V (x, f ) with respect to β and y, respectively, are
Differentiating (1) with respect to y yields
Differentiating (3) with respect to y yields
Substituting (5) into (6), we obtain
3 Practical example: the portfolio model The risky asset price process is given by
where µ (Y s ) and σ (Y s ) are the rate of return and the volatility, respectively.
The economic factor process is given by
where |ρ| < 1 is the correlation factor between the two Brownian motions and b (Y s ) ∈ C 1 (R) with a bounded derivative.
The wealth process is given by The investor's objective is to maximize the expected utility of terminal wealth
where V (.) is the value function and u (.) is a continuous, bounded and strictly concave utility function.
The corresponding Hamilton-Jacobi-Bellman PDE is (suppressing the notations)
Thus we obtain the following well-known HJB PDE
where the asterisk denotes the optimal value. Substituting (1) , (2) , (4) , (3) and (7) into (13) yields
Using the above procedure, we can easily show that V t = βV β /t and thus the above equation becomes
The solution to the above equation is equivalent to solving an ODE. Since V (.) is differentiable with respect to the shift parameter β, the solution is classical (strong), even if V (.) is not smooth in x, y or t.
Setting β at its initial value, we obtain
Thus the optimal portfolio is given by
We note that, in contrast to the previous literature, the optimal portfolio depends on wealth, regardless of the functional form of the utility, even for an exponential utility function. Clearly, this is a more realistic result.
